Abstract. In this paper, we prove the existence of the free boundary minimal hypersurface of least area in compact manifolds with boundary. Such hypersurface can be viewed as the ground state of the volume spectrum introduced by Gromov. Moreover, we characterize the orientation and Morse index of them.
Introduction
Let (M n+1 , ∂M) be a compact Riemannian manifold with boundary. We say that a smooth embedded hypersurface Σ n ⊂ M n+1 is a free boundary minimal hypersurface, abbreviated as FBMH, if Σ has vanishing mean curvature and ∂Σ meets ∂M orthogonally. FBMHs arise variationally as critical points of the area functional among all hypersurfaces in M with boundary constrained freely on ∂M. The investigation of such hypersurfaces dates back at least to Courant [5] and Lewy [20] , and there were intense study afterward, e.g., [12, 15, 16, 28, 34, 38] . Many new progress were made in recent years. Among them, Schoen-Fraser [8, 9] constructed many examples of free boundary minimal surfaces in the round ball and found a deep relation of them with the extremal eigenvalue problem. More examples of minimal surfaces with free boundary in the round three-ball were recently found by Folha-Pacard-Zolotareva [7] , Ketover [18] and Kapouleas-Li [17] . Maximo-Nunes-Smith [26] constructed an annuli type of such minimal surfaces in certain convex three-manfolds using degree theory. Lastly and foremost, global variational theory for constructing FBMHs in an arbitrary manifold via minmax method was initiated by Almgren [1, 2] , and completely established by the last author with Li [21] ; see [6, 12, 16, 22] for partial results and [10, 34] for the mapping approach. Inspired by Almgren's pioneer work, Gromov introduced the non-linear spectrum of area functional [11] , for which a Weyl law was established by Liokumovich-Marques-Neves [23] . In this perspective, FBMHs are eigenstates of area functional. Compared with the classical spectrum theory, one natural question is whether the ground state among all area spectrum exists. In particular, Question 1.1. Does there exist a FBMH whose area is less than all others?
Date: January 23, 2018. In this paper, we give a complete affirmative answer to above question. In particular, we prove the existence of smooth embedded free boundary minimal hypersurfaces in (M n+1 , ∂M, g) (2 ≤ n ≤ 6) which minimize the area among all such hypersurfaces. To be precise, let O be the collection of all embedded compact orientable FBMHs in M and U be the collection of all non-orientable ones. Set A 1 (M, ∂M) = inf {Area(Σ), Σ ∈ O} ∪ {2 Area(Σ), Σ ∈ U} .
Our main result is the following: Theorem 1.2. Let M n+1 be a smooth compact orientable Riemannian manifold with boundary ∂M and 2 ≤ n ≤ 6. Then there exists a smooth embedded free boundary minimal hypersurface Σ in M such that A 1 (M, ∂M) is realized by Σ. Moreover, Σ satisfies the following:
(1) If Σ ∈ O, then Σ has index 0 or 1. In the latter case, M is the min-max minimal hypersurface corresponding to the fundamental class. (2) If Σ ∈ U, then Σ is stable. Moreover, the 2-sheeted covering of Σ is stable.
Note that the area of non-orientable hypersurfaces is counted with multiplicity two, and the reason is that non-orientable minimal hypersurfaces produced by the min-max method have even multiplicity by [35, 39] . A 1 (M, ∂M) will be called the least area among embedded free boundary minimal hypersurfaces in M. Remark 1.3. One of the main features of our result is that we allow FBMHs to be improper, i.e., the interior of FBMHs may touch the boundary of the ambient manifold (see Definition 2.1). Note that we do not assume any boundary convexity on the ambient manifold, so this touching phenomenon is allowed to happen.
For closed manifolds, the least area closed minimal hypersurfaces and minmax hypersurfaces have been well studied. For instance, in three dimension, the least area Heegaard minimal surface always exists by a classical compactness theorem, and Marques-Neves [24] proved that it is produced by min-max method in any closed three-manifold which admits no stable minimal surfaces. In higher dimensions, a priori the existence of least area minimal hypersurfaces was not known due to the lack of compactness result; nevertheless, as a byproduct of the study of the Morse index problem, the last author [39, 40] proved that the min-max hypersurface has least area in manifolds with positive Ricci curvature. Later on, without assuming any curvature conditions, Mazet-Rosenberg [27] further proved that the least area is achieved either by a stable closed minimal hypersurface or by a min-max hypersurface of Morse index one in any closed (n + 1)-manifold (2 ≤ n ≤ 6).
For compact manifolds with non-empty boundary, the first result toward Question 1.1 was obtained by the second author [35] for manifolds with non-negative Ricci curvature and convex boundary. In particular, it was proven that the minmax FBMH is orientable of multiplicity one, with Morse index one. Furthermore, the min-max FBMH has least area among all embedded orientable ones. Our resolution of Question 1.1 can be viewed as a free boundary analog of the result in [27] . However, without assuming any convexity assumption on ∂M, the situation turns to be very subtle, especially due to the touching phenomenon of the min-max minimal hypersurfaces, which was predicted to generally exist in [21] . More precisely, when the boundary ∂M is non-convex, such a FBMH generally can be non-proper, or equivalently, the interior of a FBMH can touch ∂M in a non-empty set. This brings in essential new challenges for the deformation trick used in [27, 35] . In course of the proof, we introduce several new ideas to deal with this issue, and we believe that our new technique will also be useful in other problems related to FBMHs. Remark 1.4. Throughout the paper, (M n+1 , ∂M, g) is always a manifold with 2 ≤ n ≤ 6 unless explicitly stated otherwise. Moreover, it can always be embedded to a closed manifold M which has the same dimension with M.
A FBMH in this paper is always allowed to be closed.
Our main result follows similar strategy used by Mazet-Rosenberg [27] . The first step is to consider stable FBMHs. Using the curvature estimates and compactness result in [14] and [3] , we will show that there is a stable one minimizing the area among all stable ones. If A 1 (M, ∂M) is equal to the least area of stable ones, then we are done. Otherwise, we proceed to the second step, in which we consider all embedded orientable and unstable FBMHs with area less than the least area of all stable ones. We will show that each of such hypersurfaces can be embedded into a sweepout of M. Then the last step is to apply the min-max theory by Li-Zhou [21] for the sweepout so that we can obtain a free boundary one with least area, which will imply that A 1 (M, ∂M) is realized. Apparently, the key step is to construct a good sweepout for any orientable and unstable FBMH with area less than that of all stable ones.
To prove the existence of such sweepouts, we use contradiction arguments. Assuming that such a good sweepout does not exist, then a new FBMH is produced by the min-max theory [21] . We emphasis that a generalized type of Almgren-Pitts theory [21, 25, 31] is essentially used here, which is different from the continuous min-max theory used in [24, 27, 35, 39] . The necessity of Almgren-Pitts setting is due to that continuous min-max theories [4, 6] are not suitable for compact manifolds without convexity assumptions of boundary.
The paper is organized as follows. In Section 2, we recall some basic definitions and prove that a FBMH can be perturbed to a barrier. In Section 3, we consider the case when least area is attained by the area of a sequence of stable free boundary ones. In Section 4, we introduce the min-max theory developed by LiZhou [21] . Also, we prove that it still works when there is a barrier. In Section 5, we embed each FBMH with area less than A S (M, ∂M) (see (3.1)) into a good sweepout. Finally, in Section 6, we give the proof of our main result Theorem 1.2.
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Preliminaries
In this section, we first recall some basic definitions and preliminary results for FBMHs and then prove that each one with non-zero first eigenvalue for the Jacobi operator can be perturbed to a barrier.
n+1 be a smooth manifold with boundary ∂M and Σ n a smooth n-dimensional manifold with boundary ∂Σ. We say that a smooth embedding φ : Σ → M is an almost proper embedding of Σ into M if φ(Σ) ⊂ M and φ(∂Σ) ⊂ ∂M. We often write (Σ, ∂Σ) → (M, ∂M) and say that Σ is an almost properly embedded hypersurface in M.
For an almost properly embedded hypersurface (Σ, ∂Σ), we allow the interior of Σ to touch ∂M. That is to say: int(Σ) ∩ ∂M may be non-empty. We usually call int(Σ) ∩ ∂M the touching set of Σ.
2.1. The Morse Index. Let (M n+1 , ∂M, g) be a compact Riemannian manifold with boundary. Suppose that (Σ n , ∂Σ) ⊂ (M n+1 , ∂M) is a smooth embedded FBMH. The quadratic form associated to the second variation formula is defined as
where v is a section of the normal bundle of Σ, A and h ∂M are the second fundamental forms of Σ and ∂M, respectively.
The Morse index of Σ is defined as the number of negative eigenvalues of the quadratic form Q, and a FBMH is called stable if Q is non-negative.
If Σ is two-sided, i.e., there exists a globally defined unit normal vector field n on Σ, any normal vector field on Σ has the form φn, where φ ∈ C ∞ (Σ). Then the quadratic form can be expressed as
Integration by parts gives that
where η is the outward unit co-normal of ∂Σ and L is the Jacobi operator of Σ (2.3)
.. be eigenvalues of the following system
The index of Σ is just equal to the number of negative eigenvalues of (2.4).
Construction of Barriers.
We now prove that certain FBMH can be perturbed to a barrier (in the sense described as follows). Let us first introduce some notations.
Definition 2.2. For a manifold with piecewise smooth boundary, N is called a manifold with boundary ∂N and portion T if • ∂N and T are smooth, which may be disconnected;
• ∂N ∪ T is the boundary of N. We will denote it by (N, ∂N, T ) (see Figure I) . Moreover, T is called a barrier if T is mean convex and ν ∂N , n T < 0 on T ∩∂N, where ν ∂N and n T are the outward pointing normal vector fields of ∂N and T . Figure  II) . Denote X(M, Σ) as the collection of vector fields X ∈ X( M) in M such that X(p) ∈ T p (∂M) for p in a neighborhood of the boundary of Σ.
Remark 2.4. Note that in the above definition, a vector field X ∈ X( M) along the touching set int(Σ) ∩ ∂M may not be tangential to ∂M. In fact, X is allowed to point inward or outward of M.
Let (F s ) 0≤s≤1 be a family of diffeomorphisms of M corresponding to X ∈ X(M, Σ). Note that F s is allowed to push Σ out of M along the touching set int(Σ) ∩ ∂M. For any p ∈ Σ, there is a coordinate chart (
Let (h ij ) be the second fundamental form under the coordinates (x 1 , x 2 , · · · , x n ). Let n and n s be the unit normal vector fields of Σ and F s (Σ) respectively. Set
which is a smooth function on a neighborhood of ∂Σ in ∂M.
Lemma 2.5. If in addition that Σ is orientable and X| Σ = f n for some smooth function f , we have the following equation at p,
where L is the Jacobi operator (2.3).
Proof. By definition, ∂ s = X. Hence, ∇ X e i s=0 = ∇ e i X s=0 = ∇ e i (f n). We conclude that ∇ X e i s=0 = −f h ij e j + f i n. Then for any i, ∇ X n s , e i s=0 = − n, ∇ X e i = −∇f, e i , and this proves (2.6). To confirm (2.7),
The last can be derived by a standard computation.
By Lemma 2.5, we conclude that Proposition 2.6. Let (M, ∂M, Σ) be a compact manifold with portion Σ, where Σ is an unstable FBMH. Then there is a family of hypersurfaces {Σ s } 0≤s≤τ for small τ > 0 such that (Σ s , ∂Σ s ) ⊂ (M, ∂M), and they satisfy (1) Σ 0 = Σ and Σ s ∩ Σ = ∅ for s = 0; (2) Σ s is a properly embedded hypersurface with boundary on ∂M for each s = 0; (3) Area(Σ t ) is decreasing with respect to t. Moreover, if we set
is a compact manifold with portion Σ s , and Σ s is also a barrier.
Proof. Since λ 1 (Σ) < 0, there is a positive function f satisfying
To see this, we define a perturbed quadratic form
for t ∈ R. Let φ 1 be the first eigenfunction of (2.4). Due to the fact that
there is some constant ǫ > 0 small enough such that the first eigenvalue of Q ǫ is negative. Let f be the first eigenfunction of Q ǫ . Then f > 0 and
So f satisfies (2.9). Notice that (M, ∂M) can always be isometrically embedded into some closed
Let us verify that these hypersufaces satisfy all requirements. (1) holds since f is positive. (2) will be satisfied by choosing suitable f and small τ even if Σ touches ∂M (see Figure III) . It follows from (2.7) and (2.8) that Σ s is a barrier. By the second variation formula and shrinking ǫ smaller if needed, the area functional is decreasing.
If Σ is stable, there are no barriers inside M. However, we can construct a barrier outside M. Let (M, ∂M, Σ) be a compact manifold with portion Σ. Let M be a closed manifold with dim M = dimM such that M can be isometrically embedded into M . Proposition 2.7. Suppose that λ 1 (Σ) > 0. Then there exists a family of hypersurface {Σ t } 0≤t≤τ in M for τ small enough such that (1) Σ 0 = Σ and Σ s ∩ M = ∅ for s > 0; (2) each Σ t is a properly embedded hypersurface with boundary;
is a compact manifold with portion Σ s , where Σ s is also a barrier.
Proof. Since λ 1 (Σ) > 0, there is a positive function f satisfying (2.10)
Let φ 1 be the first eigenfunction of (2.4). Due to the fact that
there exists ǫ > 0 small enough such that the first eigenvalue of Q −ǫ is positive. Let f be the first eigenfunction of Q ǫ . Then f > 0 and
So f satisfies (2.10). Take X ∈ X(M, Σ) such that X Σ = f n. Denote (F s ) 0≤s≤τ as the family of diffeomorphisms of M corresponding to X. Set
Let us verify that these hypersufaces satisfy all requirements. (1) holds since f is positive. (2) will be satisfied by choosing suitable f and small τ even if Σ touches ∂M. It follows from (2.7) and (2.8) that Σ s is a barrier (see Figure IV) .
2.3. Bumpy Metric Theorem. For any smooth manifold N, White ( [36, 37] ) proved that a generic C k (k ≥ 3 or k = ∞) metric on N is bumpy in the sense that no closed minimal submanifolds of N has a nontrivial Jacobi field. In this paper, we need the following version of the bumpy metric theorem for FBMHs which is essentially due to Ambrozio-Carlotto-Sharp [3] .
n+1 be a smooth closed manifold and N n be a smooth embedded closed hypersurface in M. Suppose that k is an integer ≥ 3 or that k = ∞. Then a generic C k Riemannian metric on M is bumpy in the following sense: if Σ n is an embedded free boundary minimal hypersurface in M with free boundary lying on N, then Σ or its finite-sheeted covering has no non-trivial Jacobi fields.
Remark 2.9. In this theorem, we allow Σ to penetrate the constraint hypersurface N. In [3] , they only stated the result for Σ which does not penetrate N, or equivalently Σ ∩ N = ∂Σ. Nevertheless, the result also holds true in our situation since the proof in [3] identifies a tubular neighborhood of Σ with that of the zero section in the normal bundle of Σ. Under this identification, the analytic arguments are exactly the same.
Stable free boundary minimal hypersurfaces
In this section, we consider stable FBMHs and we will show that there exists one which minimizes the area among all stable ones.
Let M n+1 be a compact manifold with boundary ∂M and 2 ≤ n ≤ 6. Let O S be the collection of all embedded compact orientable stable FBMHs in M and U S be the collection of all non-orientable stable ones. We define
If there are no such embedded stable hypersurfaces in M, then we will set
We need the following compactness result (see [3, 14] ).
Theorem 3.1 ( [3, 14] ). Let {Σ k } be a sequence of smooth embedded stable free boundary minimal hypersurfaces in M with sup k Area(Σ k ) < +∞. Then up to a subsequence, Σ k converges smoothly and locally uniformly with multiplicity m ∈ N to a smooth embedded stable free boundary minimal hypersurface Σ in M. Moreover,
(1) If Σ is two-sided, then the multiplicity m = 1 and Σ k is diffeomorphic to Σ eventually.
(2) If Σ is one-sided, then either m = 1 and Σ k is eventually diffeomorphic to Σ or m = 2 and Σ k is eventually diffeomorphic to the two-sided covering of Σ.
Next, using Theorem 3.1, we show that A S (M, ∂M) is realized if it is finite.
Proof. Since A S (M, ∂M) is finite, we assume that there is a sequence
First, we consider the case when the sequence {Σ k } k∈N is in O S . We may just apply Theorem 3.1 or we can argue as follows. Since {Σ k } k∈N is a sequence of smooth embedded stable minimal hypersurfaces with uniform area bound, we have uniform curvature estimates for {Σ k } k∈N (see [14] ). Then the compactness result in [14] (see also [3] ) implies that, after passing to a subsequence, {Σ k } k∈N converges smoothly and locally uniformly (possibly with multiplicity) to a smooth embedded stable FBMH Σ in M. We consider two scenarios:
• If Σ is two-sided, then for k sufficiently large, Σ k can be written as an entire graph over Σ and the convergence is of multiplicity one. In this case, we have Area
• If Σ is one-sided, then for k sufficiently large, Σ k is an entire two-sheeted graph over Σ and the convergence is of multiplicity two. In this case, we have 2 Area(Σ) = lim k→∞ Area(Σ k ) = A S (M, ∂M). Next, we assume that the sequence {Σ k } k∈N is in U S . Again by the compactness result, Theorem 3.1, a subsequence of {Σ k } k∈N converges smoothly to a smooth embedded stable FBMH Σ in M. Note that Σ must be one-sided. Moreover, the convergence must be of multiplicity one. Otherwise, we would have that convergence is of multiplicity two and Σ k is eventually diffeomorphic to the twosided covering of Σ, which contradicts the assumption that {Σ k } k∈N is in U S . Hence, we have 2 Area(Σ) = lim k→∞ 2 Area(
This completes the proof.
As a corollary, we have the following:
be a smooth compact manifold with boundary ∂M and 2 ≤ n ≤ 6. Then A S (M, ∂M) is lower-semi continuous with respect to C q (q ≥ 2) metrics on M.
Proof. Let g be a C q metric on M. Suppose that {g k } is a sequence of C q metrics on M converging to g. If we have lim inf k→∞ A S (M, ∂M, g k ) = ∞, then the conclusion follows directly. Hence, we may assume that
where C 0 is a constant. By (3.2), there exists a subsequence of {g k } (still denoted by {g k }) such that
Moreover, using (3.3), we can assume that sup k Area(Σ k ) is finite. Let A k denote the second fundamental form of Σ k with respect to g k . Since Σ k is stable and has uniform area bound, by the curvature estimates in [14] , we obtain that |A k | is uniformly bounded. Then, up to a subsequence, Σ k converges smoothly to a stable FBMH Σ in (M, ∂M, g). If Σ is two-sided, then we have
If Σ is one-sided, then for k sufficiently large, either Σ k is one-sided or Σ k is an entire two-sheeted graph over Σ. In both cases, we have
which also implies that A S (M, ∂M) is lower semi-continuous. , ∂M, T ) be a Riemannian manifold with boundary and portion. Assume that (M, ∂M, T ) is isometrically embedded in some R N for N large enough. Let R k (M) be the space of integer rectifiable k-currents supporting in M. Set
An integer rectifiable current K ∈ R k (M) is called an integral current if and only if ∂K ∈ R k−1 (M). The space of integral currents is denoted by I k (M). Denote M as the mass norm on R k (M) and F as the flat metric on it. In the space of relative cycles, the flat metric and mass norm are defined to be
4.2. Almgren-Pitts Settings. In this part, we recall Almgren-Pitts min-max theory for compact manifolds with boundary, which is developed by Li-Zhou [21] .
In the following of the paper, we will focus on the one-parameter case, and the notations for cell complex will be restricted to this case.
In this part, M is always a compact manifold with boundary ∂M and portion T . (1) The 0-complex
We always denote I(1, j) p as the set of p-cells of I(1, j); (3) Given α ∈ I(1, j) 1 , we denote α(k) p as the p-complex of I(1, j + k) contained in α; (4) The boundary homeomorphism ∂ :
The map n(i, j) : I(1, i) 0 → I(1, j) 0 is defined to be the the way: for each x ∈ I(1, i) 0 , n(i, j)(x) is the unique element of I(1, j) 0 such that
Let A and B be two subsets of Z n (M, ∂M). φ is said to be a map into (Z n (M, ∂M), A, B) if φ(0) ∈ A and φ(1) ∈ B. φ is said to be a map into
The following homotopy relations were introduced by Pitts [31, §4.1].
Definition 4.2 (Homotopy for mappings). Given two maps
for i = 1, 2 and δ > 0, we say that φ 1 is 1-homotopic to φ 2 with M-fineness δ if there exists j 3 > j 1 , j 2 and
• ψ(I(1, j 3 ) 0 × {0}) = T and ψ(I(1, j 3 ) 0 × {1}) = 0.
Definition 4.3. For a sequence of
if φ i is 1-homotopic to φ i+1 with fineness δ i → 0, and 
as the set which consists of all equivalent classes of (1, M)-homotopy sequences of mappings into (Z n (M, ∂M), {0}). Similarly, we can define π
, Almgren introduced a map from the space of equivalent classes to the top relative homology group:
In fact, F is defined by adding all M-isoperimetric choices (see [21, §3.2] ) between adjacent slices of φ i (for i large enough). Almgren [1] further proved that F is an isomorphism. We usually call F the Almgren's Isomorphism.
For
and the width of 
Moreover, F ( S) = 0. Now by Almgren's Isomorphism, S is homotopic to {0} in (Z n (M, ∂M) , {0}). Hence, there exists a sequence δ i → 0 such that φ i − φ Denote P 1 (M) as the collection of regular one-parameter families. Assume that T = ∅. Given Φ ∈ P 1 with Φ| {0,1} = 0, there is a (1, M)-homotopy sequence S Φ mapping into (Z n (M, ∂M, M), {0}) by Discretization Theorem B.1. Denote Π Φ be the equivalent class of S Φ in π 
Proposition 4.11. A sweepout of (M, ∂M, T ) is also a sweepout of (M, ∂M ∪ T ).
Proof. Let Φ be a sweepout of (M, ∂M, T ). Let {φ i } be the (1, M)-homotopy sequence mapping into (Z n (M, ∂M ∪ T ), {0}), which is produced by discretizing Φ. Namely, we can take {φ i } to be a (1, M)-homotopy sequence mapping into (Z n (M, ∂M), { T }, {0}) by Discretization Theorem B.1.
Applying Lemma 4.6, we have F ({φ i }) = − M . By Definition 4.8, Φ is a sweepout of (M, ∂M ∪ T ).
Remark 4.12. We claim that there does exist such sweepouts. Let r be the distance function to T , which is defined in a small neighborhood of T . Perturb it slightly and extend it to whole M such that the extended function f satisfies:
• f is a smooth Morse function;
• f −1 (0) = T . It is easy to verify that {f −1 (t)} is a sweepout.
Let Φ be a sweepout of (M, ∂M, T ). Then we define
And the width of (M, ∂M, T ) is defined as
Φ is a sweepout of (M, ∂M, T )}.
4.4.
Min-max Theorem with Barriers. In this part, we prove that the free boundary min-max theory (Theorem 4.5) can also produce a FBMH when there is a barrier. This can be viewed as a free boundary version of [24, Theorem 2.1; 33, Theorem 13; 35, Theorem 3.4; 39, Theorem 2.7] using discrete sweepouts. Let M be a compact manifold with boundary ∂M and portion Σ. We further assume that Σ is a barrier in the sense of Definition 2.2. Let r be the distance function to Σ. Apparently, there is a closed manifold M and a closed hypersurface Σ such that (M, Σ) can be embedded into M satisfying M ∩ Σ = Σ. Let r be the distance function to Σ. Hence, r = r M in a small neighborhood of Σ in M. Since Σ is a barrier, r is well-defined and smooth in a small neighborhood of Σ. Set M s = {x ∈ M : r(x) > s}. Now since Σ is a barrier, there is a constant a > 0 such that r −1 (t) are barriers for all t < 2a. By taking a small enough, r −1 (t) can be assumed to be isotopic to Σ for t < 2a.
Lemma 4.13. For any sweepout Φ of (M, ∂M, Σ) and t 0 ∈ (0, 1), there exists another sweepout Φ ′ satisfying
for all t > t 0 .
Proof. Let A be the second fundamental form of the level set of r. Set
Let φ be some cut-off function satisfying
The existence of such φ is shown in [24, Lemma 2.2].
Denote (G t ) 0≤t≤1 as the one-parameter family of homomorphisms of M generated by φ∇ r. Let L be the canonical representative of τ ∈ Z n (M, ∂M). By directly computation (see [35] for details),
Notice that (G s ) ♯ (L) is an integer rectifiable n-current in M . By the first variation formula,
This implies that for t ∈ (0, a)
for each L ∈ Z n (M, ∂M). Notice that r −1 (t) are all barriers for t < 2a and φ is supported on [0, 2a] . Recalling the choice of φ, G s (p) = p for p ∈ ∂M ∩ M a , and (G s♯ )L is an element in Z n ( M , ∂M). Now for any κ ∈ Z n (M, ∂M) with canonical representative K, define G s♯ κ to be the equivalent class of G s♯ K.
) and then choose a smooth nonnegative function h : [0, 1] → [0, S] such that h(0) = 0, h(t) > 0 for t > 0 and h(t) = S for t ≥ t 0 . Set
Then if t = 0, Φ ′ (t) = Φ(t); if t > 0, it follows from (4.1) that
For the last requirement, noticing that h(t) = S for t ≥ t 0 and the
), we conclude that sptΦ
To complete the proof, it suffices to show that Φ ′ is a sweepout of (M, ∂M, Σ). This follows from Definition 4.10. Proof. It suffices to show that there exists a minimizing sequence {Φ k (t)} ∞ k=1 of sweepouts of (M, ∂M, Σ) such that
(W (M, ∂M, Σ, Λ) − Area(Σ)) > 0, and dist(·, ·) is the distance function of (M, ∂M, g).
For any sweepout {Ψ k (t)}, there always exists ǫ k > 0 such that
Then by taking t 0 = ǫ k in Lemma 4.13, there is a better sweepout { Ψ k (t)}, which satisfies (4.2). In fact,
Then by (4.3) and Lemma 4.13 (2), we have t ≥ 2ǫ k . Now using Lemma 4.13 (3), we conclude that
Now modifying the arguments of min-max theory for compact manifolds with boundary in [21] , we can obtain a FBMH (Γ, ∂Γ) with ∂Γ ⊆ ∂M. Let us sketch the main steps here.
Let
be the minimizing sequence satisfying (4.2). By Discretization Theorem B.1, for each Ψ k , there exists a sequence of mappings Now for an almost minimizing min-max sequence {Φ
always have a distance a/2 away from Σ for large k by (4.2). Finally, we show that the limit of the almost minimizing min-max sequence is supported on some embedded FBMHs. These were done by Li-Zhou [21, §10.3, §5] and there are no differences here. Hence, there is a FBMH (Γ, ∂Γ) with ∂Γ ⊆ ∂M. Since the supports of the minimizing sequence have fixed distance away from Σ, we conclude that Γ ∩ Σ = ∅.
Free boundary Minimal hypersurfaces with area less than
A S (M, ∂M)
In this section, we study FBMHs whose areas are less than A S (M, ∂M). Let (Σ, ∂Σ) be an almost properly embedded hypersurface in (M, ∂M). Take a cut-off function φ which is supported in a neighborhood of the touching set of Σ such that φn, ν ∂M < 0 on touching set, where n is the normal vector field of Σ. Set Σ tφ := {exp x (tφn) : x ∈ Σ}. This is well-defined for t > 0 small enough by the definition of φ. Then Σ tφ is called a generic type of Σ (see Figure V) . Obviously, all the generic types of Σ are isotopic to each other. Moreover, they are properly embedded hypersurfaces.
Σ is said to generically separate M if there is a generic type of Σ separating M.
Remark 5.1. We emphasis that the generic type is also well-defined for nonorientable hypersurfaces. In fact, all we need is a well-defined locally normal vector field. Notice that a neighborhood of touching set can be seen as a graph over ∂M; hence there is a neighborhood of the touching set in Σ which is orientable. 
Proof. Since Σ is non-orientable, each generic type of Σ is also non-orientable and represents a non-zero element in H n (M, ∂M; Z 2 ). We can then minimize the mass norm among all the relative chains that are homologous to [Σ] . Using the regularity theory (see [29] for the interior regularity and [13] for boundary regularity), we obtain a smooth properly embedded FBMH Σ ′ in M which minimizes the area in the homology class represented by generic types of Σ. Since Σ ′ is a minimizer, it must be stable and Area(Σ ′ ) is less than or equal to the area of each generic type of Σ. As a generic type of Σ can be produced by perturbing Σ very slightly, it follows that Area(Σ ′ ) ≤ Area(Σ).
Proposition 5.3. Let (M, ∂M, T ) be a compact manifold with smooth boundary ∂M and portion T such that T is a barrier. Let Σ be a properly embedded orientable hypersurface in M with ∂Σ ⊂ ∂M. If [Σ] represents a nontrivial element in H n (M, ∂M; Z), then there exists a properly embedded, stable, orientable, free boundary minimal hypersurface S with boundary in ∂M such that Area(S) ≤ Area(Σ). Moreover, the equality holds only if Σ is a stable free boundary minimal hypersurface.
Proof. In terms of geometric measure theory, Σ can be seen as a relative integral n-cycle. Suppose that {τ i } is a sequence of relative cycles such that 
]).
Since it is a minimizer, by the regularity theory [13] , τ is supported on a properly embedded, stable FBMH which may not be connected. Then the proposition follows by taking any component.
Construction of Sweepouts.
Proposition 5.4. Let (Σ, ∂Σ) ⊂ (M, ∂M) be an orientable, almost properly embedded, free boundary minimal hypersurface with Area(Σ) < A S (M, ∂M). Then there is a sweepout
Proof of Proposition 5.4. Let X ∈ X(M, Σ) be a vector field such that X Σ = −f n, where f is the function given in the proof of Proposition 2.6. Let (F s ) −τ ≤s≤τ be the family of diffeomorphisms corresponding to X.
We first claim that Σ generically separates M. If not, a generic type of Σ represents a non-zero homology class of H n (M, ∂M). By virtue of Proposition 5.3 (T = ∅), there is a stable FBMH which has area less than Σ. This is not the case of the assumption.
Hence, M can be divided into M + and M − (see Figure VI) in the following way: for any x ∈ M, the available paths are differentiable curves γ : [0, 1] → M from x to Σ such that γ(0, 1) is disjoint from Σ. Then M + (M − ) is defined to be the collection of x ∈ M such that there are available paths with r(γ(t)) > 0 (< 0) for some t.
Define the sweepout locally by
By the second variation formula of area, it follows that
By Proposition 2.6, we obtain that Σ η is a barrier for η small enough since Σ is unstable. Now we claim that (M
Assume on the contrary that there are no such sweepouts. It follows that
. By Theorem 2.3, the metric on M can be perturbed slightly (still denoted by M with new metric) such that
• Σ η has positive mean curvature; Let us prove it by two steps.
We prove this claim by a contradiction argument. We first consider the 'manifold' M In the other case, we have Area(Γ i ) ≤ Area(Σ). We can also prove that Γ i generically separates M + η . Let us argue by contradiction again. 
which is a contradiction to Area(Σ) < A S (M, ∂M).
Thus we have proved the existence of a good sweepout of (M 
Φ is continuous in the flat topology of Z n (M, ∂M). Then by the same arguments with Proposition 4.11, we conclude that F (Φ) = M . Similar to Proposition 5.4, good sweepouts can also be produced from nonorientable minimal hypersurfaces:
Proposition 5.5. For Σ ∈ U S with 2 Area(Σ) = A S (M, ∂M) such that the 2-sheeted covering of Σ is unstable, there is a sweepout Proof. Denote M as the manifold produced by opening up M along Σ. M is a manifold with boundary and a portion Σ, which is a double cover of Σ. By above arguments, M admits a sweepout
Therefore, M admits a sweepout
which can be defined by
It is easy to verify that Φ is the sweepout in the proposition.
By the Catenoid Estimates [19] , such a sweepout can be deformed to another one which has less maximal slice: Proposition 5.6. Suppose that Σ ∈ U and there is a sweepout Φ of (M, ∂M) satisfying (1)(2)(3)(4) in Proposition 5.5. Then
As a corollary, 2Σ can not be the min-max minimal hypersurface corresponding to the fundamental class.
Proof. The key point here is to construct another sweepout Φ ′ of (M, ∂M) satisfying
The construction here is similar to [19] . We also refer to [35, Appendix C] for the case in manifolds with boundary.
Proof of the Main Theorem
In this section, we give the proof of Main Theorem:
) be a compact manifold with boundary and 2 ≤ n ≤ 6. Then there exists a smooth embedded free boundary minimal hypersurface Σ in M such that A 1 (M, ∂M) is realized by Σ. Moreover, Σ is one of the following:
(1) Σ ∈ O and has index ≤ 1. In the case of ind(Σ) = 1, Σ is the min-max minimal hypersurface corresponding to [M] in H n+1 (M, ∂M). (2) Σ ∈ U is stable. In this case, 2 Area(Σ) = A 1 (M, ∂M). Moreover, the 2-sheeted covering is also stable.
Proof. First, we consider the case A S (M, ∂M) = A 1 (M, ∂M). By Theorem 3.2, either there is Σ ∈ O S such that Area(Σ) = A S (M, ∂M) or there is Σ ∈ U S such that 2 Area(Σ) = A S (M, ∂M). If the latter case happens, we claim that the 2-sheeted covering of Σ is stable. If not, Σ ∈ U S and has unstable 2-sheeted covering. By Proposition 5.5 and 5.6, there is a sweepout
Combining the inequalities together,
which leads to a contradiction.
The other case is A 1 (M, ∂M) < A S (M, ∂M). By Proposition 5.2, it is easy to see that there does not exist non-orientable FBMH Γ such that 2 Area(Γ) < A S (M, ∂M). Now we suppose that Σ ∈ O is any orientable FBMH such that
Let Φ
Σ be the sweepout constructed in Proposition 5.4. Denote Π M as the homotopy class corresponding to the fundamental class. By the construction in 5.4 and Proposition 5.5, it follows that Φ Σ ∈ Π M and
Using the min-max theory for compact manifolds with boundary which is developed by Li-Zhou [21, Theorem 4.21, Theorem 5.2], there exists a stationary integral varifold V , which is supported on finitely many FBMHs Γ i with multiplicity n i , such that
Let Γ i be a component of Γ. If it is non-orientable, then n i must be even by the arguments in [39] (see also [35, Appendix B] ). Hence,
Comparing with (6.1), we conclude that spt(V ) is connected and V = Γ for some Γ ∈ O or V = 2 T for some T ∈ U.
In the first case, Γ is unstable since
We conclude that Area(Γ) = A 1 (M, ∂M). Moreover, we claim that Γ has index one.
Let Φ : I → Z n (M, ∂M) be the sweepout given by Proposition 5.4. By the process of construction, there exists ǫ > 0 such that Φ(t) = Γ t for −ǫ < t < ǫ, where {Γ t } −ǫ<t<ǫ forms a foliation around Γ constructed in Proposition 2.6. That is, Γ s = F s (Γ) ∩M, where {F s } is a family of diffeomorphisms of M corresponding to X ∈ X(M, Γ). Moreover, X Γ = f n where f > 0 and satisfies
Suppose that ind(Γ) ≥ 2. Then there exists a function u such that Q (see 2.1) is negative on the two-dimensional space which is generated by u and f . Without loss of generality, u can be chosen to satisfy Q(f, u) = 0. Now let Y ∈ X(M, Γ) be an extension of un. Denote {G s } to be a family of diffeomorphisms of M generated by Y . Take θ > 0 small enough, i.e. θ ≪ ǫ. Then for t, s ∈ (−θ, θ), set Γ t,s = G s (F t (Γ) ) .
Even if Γ has touching set, Γ t,s is a smoothly embedded hypersurface in M with ∂Γ t,s ⊂ ∂M. By the second variation formula,
Area(Γ t,s ) = Q(f, f ) < 0; there exists Q ∈ I n+1 (M) and R ∈ R n (∂M), such that
• K 1 − K 2 = Q + ∂R;
• M(Q) + M(R) < C M M(τ 1 − τ 2 ), where K 1 and K 2 are the canonical representatives of τ 1 and τ 2 .
Remark A.3. In Lemma A.1, we emphasize that the support set of K 1 − K 2 − ∂Q is disjoint from T . In Lemma A.2, the support set of R is disjoint from T .
Appendix B. Discretization and Interpolation
In this section, we give a Discretization Theorem and Interpolation Theorem for sweepouts of (M, ∂M, T ). We refer to [25] and [39] for closed cases and [21, §4.2; 23, §2.10,2.11] for compact manifolds with boundary. In particular, we have L(S) ≤ sup x∈I M(Φ(x)). Proof. The only difference here is that the map needs to satisfy spt(∂Ψ(x)) ⊂ ∂M.
Recall that in the proof of [21, Theorem 4.14; 25, Theorem 14.1], all the arguments are in the isoperimetric choices. Here, we use Lemma A.2 and all others are the same.
